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Abstract 
Benhocine, A. and A.P. Wojda, Graphs with every matching contained in a cycle, Discrete 
Mathematics 118 (1993) 11-21. 
Letn>3, 1<k<n-l,andletf(n,k)=(k-1)/2+(“~~+1 )+ (k - 1)’ We prove that if G is a graph of 
order n, size greater than F(n, k)=max(f(n, k),f(n, n/2)), an d minimum degree at least k, then every 
matching of G is contained in a cycle of G. If k is odd and k < (n + 8)/6 or (n + 8)/6 < k 6 n/2, and n/2 
an odd integer, the result is the best possible. Then we give all graphs with minimum degree at least 
k and size F(n, k), having a matching which is not contained in any cycle of G. 
1. Introduction 
We consider only graphs G which are finite, without loops or multiple edges. The 
vertex set and the edge set of G are denoted by V(G) and E(G), respectively. 
u(G)=1 V(G)1 and e(G)=IE(G)I are the order and the size of G, respectively. 
For A and B subsets of V(G), let e(A,B) denote the number of edges xy such that 
XEA and DEB, where, for convenience, we write e(x, B) instead of e( {x}, B). Define the 
degree of xE V(G) to be d(x, G) = e(x, V(G)) and denote by 6(G) the minimum degree of G. 
For H a subgraph of G, let N(x, H) denote the neighbourhood of x in H (we allow 
x# V(H) and if A c V(G), N(x, A)= N(x, G(A)), where G(A) is the subgraph of G 
induced by A. 
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Let XC V(G) and YcE(G)uE( G), where G is the complement of G. Then 
G-X = G( V(G) -X) and G + Y is the graph with the vertex set V(G) and the edge set 
E(G)u Y. 
The union of two graphs G and H, denoted by GuH, is the graph having vertex set 
V(G)u V(H), and edge set E(G)uE( H). Let mG denote the disjoint union of m copies 
of G. G*H is the graph with vertex set I’(G)u V(H) and edge set E(G)uE(H)u{xy: 
XE V(G), ye V(H)}. Then, for graphs F, G and H with vertex sets pairwise disjoint, 
define F*G*H to be the graph (F*G)u(G*H). 
A matching M of G is a set of independent edges of G. This set M can be considered 
as a graph (like cycles, paths, . . .) with vertex set V(M), edge set E(M), order u(M) and 
size e(M). M is called a perfect matching of G if u( M) = v(G). A vertex x of G is covered 
by M if xEV(M). 
Berman [l] proved the following result conjectured by Haggkvist [2]. 
Theorem 1.1. Let G be a graph of order n>3 such that 
d(x,G)+d(y,G)>n+l 
for every pair of nonadjacent vertices x and y of G. Then every matching of G lies in 
a cycle. 
Recently, Jackson and Wormald [3] proved the following improvement of 
Theorem 1.1. 
Theorem 1.2 (Jackson and Wormald [3]). Let G be a graph on n vertices and M be 
a matching in G such that 
(1) d(x, G) + d(y, G) > n for all pairs of independent vertices x, y that are incident with M. 
Then M is contained in a cycle of G unless equality occurs in (1) for at least two 
disjoint pairs (x, y), and either 
(a) for some y.zeM, G - { y, z} is disconnected and has two components each contain- 
ing edges of M; 
(b) M is an odd cocycle of G; or 
(c) M is an odd l-factor of G and K2s,2s+2~G-McKz,*Kz,+z. 
The problem of hamiltonian cycles through matchings is considered in [4]. In the 
present paper we prove that if G is a graph of order n>3, such that 6(G)> k and 
e(G) > F(n, k) (F(n, k) defined below), then every matching of G lies in a cycle. Further- 
more, we give all graphs G of order n > 3, such that 6(G) > k and e(G) = F(n, k), in 
which there are matchings not contained in any cycle of G. 
Let 
and 
+y+(k-1)’ 
F (n, k) = max {On, k), f (n, n/2)} . 
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We verify that f(n, k) >f(n, n/2) for k < (n + 8)/6 or k > n/2, f(n, k) <f(n, n/2) for 
(n + 8)/6 < k < n/2 and f(n, k) =f(n, n/2) for k =(n + 8)/6 or k = n/2. 
Now let us define a family of graphs ‘S(n, k). 
Let n> 6 be an integer. For k > 3 and odd, define first the graph G(n, k)= 
((k-1/2) KZ)*Kk_l*Kn_Zk+Z. Then 
%(n, k) = 
{G(n,k)) if either kc (n + 8)/6 where k is odd, 
or k=(n+ 8)/6 where k is odd and 
n/2 is not an even integer, 
(G(n, 4, G(n, n/2)} if k = (n + 8)/6, k is odd and n/2 is an 
odd integer, 
{G(n, 42)) if either k=(n + 8)/6, k is even and 
n/2 an odd integer, or (n+ 8)/6 < 
k <n/2 and n/2 is an odd integer, 
0 otherwise. 
The graph G(n, k) has order n, minimum degree k and sizef(n, k), while every graph 
G&J(n, k) has order n, size F(n, k) and minimum degree either k or n/2. Take any 
matching M of G(n, k) containing (k - 1)/2 independent edges joining the vertices of 
degree n- 1, one edge (or more) in K,_ Zk+2, and the (k- 1)/2 edges of (k- l/2) Kz . 
Then M does not lie in any cycle of G(n, k). 
2. Results 
The following statement is very easy to verify. 
Statement 2.1. In a graph of order n > 3, size at least (“; ‘) + 2 and with 6(G) = 2, every 
matching is contained in a cycle. 
Lemma 2.2. Let G be a graph, and M a matching of G containing the sets of edges 
A={xIxz,x3x4, . . . ,xZm-1xZm,a,b,,a,b,,...,az,b2m} 
and 
B={x 2m+lY2m+lrX2m+2Y2m+2~~~~~ xpYpra2m+lb2m+l,a2m+2b2~~2,..., 4%A 
where A or B can be empty. 
ZfxiaiEE(G)for l<i<p, and 
G’=G-{x1,x2 ,..., xp,al,a2 ,..., aP 
+y2m+1b2m+1+y2m+2bzm+2+ . . . + y,b, 
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has a cycle containing the matching 
M’=M-(x1 ,..., xr,a, ,..., a,}+b,b,+...+b,,_,b,, 
+yzm+Ibz,+l+...+ypbp, 
then M lies in a cycle of G. 
Proof. Let C’ be a cycle of G’ containing M’. Then the matching M lies in the cycle 
C obtained from c’ by replacing each edge bzi- 1 bzi, 1 d i<m, with the path 
~~~~~~~~~~~~~~~~~~~~~~~~~ and by replacing each edge bjyj,2m+ 1 <j<p, by the path 
bjajxjyj. 0 
We shall need the following corollaries of Lemma 2.2. 
Corollary 2.3. Let M be a matching of a graph G, and let a, b, x and y be vertices of 
G such that abEM, xy~M and axeE(G). If there is a cycle of G- {a, x} + by containing 
M - {ax} + by, then M lies in a cycle of G. 
Corollary 2.4. Let a, b,xl,xz,yI and y, be such mutually distinct vertices of a graph 
G that UX,EE(G), bx2EE(G) and the edges ab, x1 y, and x2y2 are in a matching M of 
G. If the matching M - {a, b,x1,x2} + y,y, is contained in a cycle of 
G - (a, b, x1, x2} + y, y, then M lies in a cycle of G. 
In the proof of the main result, we shall employ the following lemma. 
Lemma 2.5. If G is a graph of order n> 3 such that 6(G)> 3 and e(G)>(“;‘)+ 5, then 
every matching of G is contained in a cycle of G unless GEY(n, 3) or G is isomorphic to 
K1*@1*K2*W2)). 
Proof (by induction). We use Theorem 1.2 to check easily that the lemma is true for 
n d 6. So, suppose n 3 7 is such that the Lemma 2.5 holds for every graph of order less 
than n. Let G be a graph of order n satisfying the assumptions of the lemma, and let 
M be a matching of G. 
Let a be a vertex of minimum degree in G, d(a, G) = k, say. 
Apply Theorem 1.2 to prove that the only graphs H of order n satisfying 
e(H)>(‘T2)+5 and ~?(H)an/2 such that H has a matching which is not contained in 
any cycle of H are G(6,3) and G(lO, 5). 
Hence, we may assume that 3 < k<(n- 1)/2. Clearly, 
Moreover, if 6(G - a) = 2 then d(a, G) = 3, and there is in G another vertex, a’ say, such 
that d(a’, G) = 3 and aa’EE(G). Then G - {a, a’} = K,_ 2, and we deduce easily, by 
induction assumption, that if a is not covered by M, then M lies in a cycle of G. 
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Therefore, we may assume that every vertex of degree k is covered by M. 
Let us denote by b the neighbour in M of the vertex a, and let c be a neighbour of 
a in G, c #b. Repeat the arguments given above to prove that if c is not covered by M, 
then the matching M--a+ bc lies in a cycle c’ of G-a+ bc. The cycle of G obtained 
from C’ by replacing the edge bc with the path bat passes by M. 
Thus, we may also assume that all neighbours in G of each vertex of degree k are 
covered by M. 
Let x be a neighbour of a in G, x #b, and let y be the neighbour of x in M. Define 
G’ = G - {a, x} + by and M’ = M - {a, x} + by. By Corollary 2.3, it is sufficient to prove 
that either M’ lies in a cycle of G’ or G is isomorphic to a forbidden graph. 
Observe that we have 
e(G’)=e(G)-(d(a, G)+d(x, G)- l)+ 1 -e(b,y) 
3 +7-k-d(x, G)-e(b,y). (2.1) 
We shall consider three cases. 
Case 1: S(G’)33. 
If n 3 10, we deduce from inequality (2.1) that e(G’) >(“j4) + 5. Thus, by induction 
hypothesis, there is a cycle of G’ containing M’. 
By Theorem 1.1, we may assume 3 <(n - 2)/2; hence, n >, 8. The reader can easily 
solve the cases of n = 8 and n = 9 (note that for n = 8, we prove that either M lies in 
a cycle of G, or G is isomorphic to K1*(K1*K2*(2K2))). 
Case 2: 6(G’)=2. 
Then necessarily k = 3 or k = 4. By Statement 2.1, we may assume that 
e(G’) d + 1. (2.2) 
Consider two subcases. 
Case 2.1: k=3. 
Then inequalities (2.1) and (2.2) imply d(x, G)=n- 1 and e(b, y)= 1. Moreover, we 
may assume that every neighbour of a distinct from b has degree equal to n - 1. Since 
6(G’)= 2, it follows that there is a vertex, c say, such that c#a, ac$E(G) and d(c, G)= 3, 
or d(b, G)=4. Let us suppose first the following: 
(2.1.1) There is a vertex c, c#a, such that ac$E(G) and d(c, G)= 3. Then the graph 
G - {a, c} is complete minus, possibly, one edge. 
Denote by d the neighbour of c in M. We know that XCEE(G). Let z be the third 
neighbour of c. Then: 
~ If z = b, then take a cycle of G - {a, b, c, x} + dy passing through the matching 
M - {a, b, c, x} + dy. 
_ If z= y then take a cycle of the graph G- {a, c,x, y} + bd passing through 
M-{a,c,x,y}+bd. 
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- If z# b and zf y then denote by t the neighbour of z in M. There is a cycle of 
G - (a, x, c, z} + by + dt passing through M - (a, x, c, z} + by + dt. 
In each case we apply Lemma 2.2 to prove that M lies in a cycle of G. 
So, we may assume now the following: 
(2.1.2) d(b, G)=4. Let c be a neighbour of b such that q{a,x, y}. One can easily 
prove that if c is not covered by M, then there is a cycle of G passing through M. So, 
assume that c is covered by M, and let d be the neighbour of c in M. Since 
G- {a, b, c, x} is the complete graph minus, possibly, one edge, there is a cycle of 
G - {a, b, c, x} + dy containing M - {a, b, x, c} + dy. By Corollary 2.4, M lies in a cycle 
of G. 
Case 2.2: k = 4. 
Then there is a vertex, c say, such that d(c, G)=4, cueE(G), and CXEE(G). Thus, c is 
covered by M, cd~M, say. Observe that, by Theorem 1.2, we may assume n 29. 
Suppose first that c # b. Then the graph G - {a, c} is complete minus, possibly, two 
edges. In particular 6(G- (a, c})an-5. We apply Theorem 1.1 to prove that 
M - {a, c> + bd is contained in a cycle, C’ say, of G - {a, c} + bd. The cycle of G ob- 
tained from C’ by replacing the edge bd with the path bucd contains M. The case when 
d(b, G)=4 is similar, and we leave it to the reader. 
Case 3: 6(G’)= 1. 
Then there is a vertex, c say, such that d(c, G) = 3, uceE(G) and xceE(G). The graph 
G- {a,~} is complete and k=3. One may easily prove that the matching M lies in 
a cycle of G, except if c= b and the neighbours of c are a, x, and y. Then G is 
isomorphic to G(n,3). 0 
Theorem 2.6. Let k and n be integers, n 2 3, k < n - 1, and let G be a graph on n vertices 
such that 6(G) > k, and the size of G is at least F(n, k). Then every matching of G lies in 
a cycle, unless GEg(n, k). 
Proof. By Theorem 1.2, the theorem is true for kan/2 >2; by Statement 2.1 and 
Lemma 2.5, it is also true for k 6 3. We shall prove Theorem 2.6 by induction on n. 
So, let n > 9,4 < k < n/2, and suppose that if G’ is a graph of order n’, 3 < n’ < n, such 
that s(G’)>k’, k’<n’- 1, and e(G’)>F(n’,k’), then either every matching of G’ is 
contained in a cycle of G’ or G’Eg(n’,k’). 
Let G be a graph of order n satisfying the assumptions of the theorem, and let M be 
a matching of G. We shall prove that either there is a cycle in G containing M or 
G&J(n, k). For the remainder of the paper, we shall use the following relations: 
F(n,k)-F(n-l,k-l)>k+l 
F(n,k)-F(n-2,k-2)24k-8 for k<(n+ 18)/6 
(2.3) 
(2.4) 
F(n, n/2)- F(n-2, (n-2)/2) = 3/2n- 512 
F(n,k)-F(n-4,k-2)22n+2k-8 
(2.5) 
(2.6) 
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F(n,n/2)-F(n-4,(n-4)/2)=3n-8 
F(n,k)-F(n-2,k-l)>n+k-5/2 
(2.7) 
(2.8) 
F(n,k)> 
F(n,k)-F(n-21,k--I+l)> (:)+I(n-21+k) for k<(n-2)/2 
(2.9) 
(2.10) 
F(n,k)-F(n-2,k)>n+k-2 (2.11) 
F(n,k)-F(n-4,k-1)>3n-k-11/2 for k <(n + 10)/6. (2.12) 
Since the function F is decreasing with respect o k, we may assume that there is in 
G a vertex of degree k. 
We shall prove now that if one of the Propositions 2.7-2.9 given below is not 
satisfied, then M is contained in a cycle of G. 
Proposition 2.7. Every vertex of degree at most k+ 1 in G is covered by M. 
Proof of Proposition 2.7. In fact, suppose that there is a vertex, a say, of degree at most 
k+ 1, which is not covered by M. Then it is clear that 6(G -a)2 k- 1, and, by 2.3, we 
have that e(G -a) 2 F(n, k) - k - 1 > F(n - 1, k - 1). By the induction hypothesis, there 
is a cycle of G-a containing M. 0 
Proposition 2.8. Every neighbour of a vertex a of degree at most k + 1 is covered by M. 
Proof of Proposition 2.8. Suppose that x is a neighbour of a in G which is not covered 
by M, and let us denote by b the neighbour of a in M. We have, by (2.3), 
e(G - a) > F(n - 1, k - 1); so, G-a contains every matching in a cycle (by induction 
hypothesis). In particular, the matching M - {a} + bx lies in a cycle, C’ = bxz.. .tb, say. 
The cycle C = baxz.. . tb contains M. 0 
Proposition 2.9. Let x be a neighbour of a vertex a of degree k such that ax$M. Then 
d(x,G)ak+2. 
Proof of Proposition 2.9. By Propositions 2.7 and 2.8, the vertices a and x are covered 
by M. Let b and y be the vertices for which abgM and xyeM. By Corollary 2.3 and the 
induction hypothesis, we may assume e(G- {a, x}) < F(n-2, k-2). On the other 
hand, we have 
e(G-{a,x})>F(n,k)-k-d(x,G)+l. 
Then Proposition 2.9 follows by (2.4) and (2.Q except if k = 4. In the latter case we 
have, however, e(G- {a,~})< F(n-2,2), and we deduce easily that d(x, G)a6. 0 
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Proof of Theorem 2.6 (continued). We shall consider two cases. 
Case 1: There is a vertex of degree k, a say, such that its neighbour in M, b say, has 
also degree k. 
Since k>4, there are two neighbours of a and b, respectively, x1 and x2 say, such 
that x,x2#M. By Proposition 2.8, x1 and x2 are covered by M. Denote by y, and 
y, the vertices of G for which xiyi~M, i = 1,2. 
Consider the graph G’= G-{a, b,xl,x2} +y,y,, and the matching M’= 
M - (a, b, x1, x2} + y, y,. Note that, by Proposition 2.9,6(G’) 3 k - 2. By Corollary 2.4 
and the induction hypothesis, we may assume e(G’)<F(n-4, k-2). On the other 
hand, we have 
e(G’)3F(n,k)-2k-d(x,,G)-d(x2,G)+e(xl,x2)-e(y,,y2)+6. 
Thus, applying (2.6), we obtain 
and, therefore, 
4x,> G)=d(x2,G)=n-1, e(xr,x2)=e(yI,y;!)=l 
and G’ is isomorphic to G(n-4, k-2). Now, the reader can easily check that either 
G contains M in a cycle, or G is isomorphic to G(n, k). 
Case 2: For every vertex of degree k, the degree of its neighbour in M is greater 
than k. 
Let us denote by a,, . . , al the vertices of degree k in G, and let bi be the neighbour of 
ai in M, l,<i<l. 
Proposition 2.10. Let is { 1, . . , I}, and let x be a vertex of G such that aixEE(G)- M. 
Then d(x, G)=n- 1. Moreover, ify is the vertex of G for which xyeM, then biySE(G). 
Proof of Proposition 2.10. By Proposition 2.9, we have 6(G - {ai, x}) 3 k - 1; so, by 
Corollary 2.3, we may assume e(G - (ai, x} + biy) < F(n -2, k - 1). On the other hand, 
we have 
e(G-(ai,x)+b,y)3F(n, k)-k-d(x,G)+2-e(bi,y). 
Then, applying (2.Q we obtain 
d(x, G) > n - l/2 - e(bi, y) 
and the Proposition 2.10 follows. 0 
Proposition 2.11. I d k - 1. 
Proof of Proposition 2.11. Suppose that k < 1. Then, there is in G an independent set of 
k vertices of degree k. Thus, F(n, k)<e(G)<(“;k)+ k2, contrary to (2.9). 0 
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Proof of Theorem 2.6 (continued). Using Proposition 2.10 we deduce that G contains 
at least k - 1 and at most k vertices of degree IZ - 1. We shall consider two subcases. 
Case 2.1: The graph G has k vertices of degree n - 1. 
Then every neighbour of ai in G, 1 < i < 1, has degree n - 1, and there exists a vertex, 
x0 say, such that d(xo, G) = n - 1 and aixo$M for every i, 1 <i< 1. Denote by y, the 
neighbour of x0 in M, and by Go the graph G-{xO,a,, . . . ,al,b,, . . . ,bl_I} +yobl. 
Clearly, we have 
e(Go)>F(n,k)-(:)-I(n-2/+k) and 6(Go)>k-/+l 
Thus, by (2.10), either e(Go)>F(n-21,k-1+1) or k>(n-2)/2 and, therefore, 
k-l+ 1 >(n-21)/2. 
By Theorem 1.1 and the induction hypothesis, every matching of Go lies in a 
cycle of Go. In particular, there is a cycle Co of Go containing 
M-{xo,al, . . . , al,b,,...,bl~l}+~,bl. 
The cycle of G obtained from Co by replacing the edge yobl with the path 
y,xOa, b, alb2.. .albl contains M. 
Case 2.2: The graph G contains exactly k- 1 vertices of degree n- 1. 
Let us denote by x1, . . . , xk _ 1 the vertices of degree n - 1. 
Suppose first that 1= 1. Then a, is the only vertex of G with degree k, and bI has 
degree at most n-2. 
We shall prove then that the following proposition holds. 
Proposition 2.12. d (b 1, G) = k + 1 
Proof of Proposition 2.12. Suppose that d(bI, G)bk+2. We have then 
6(G- {a,, x1})> k. By Corollary 2.3, we may assume that kb(n-2)/2 and 
e(G-{a,,x,})<F(n-2,k). On the other hand e(G-{a,,x,})>F(n,k)-k-n+2 and, 
therefore, F(n, k)-F(n-2, k)< k-t n-2. We apply (2.11) to get a contradiction. 0 
Proof of Theorem 2.6 (continued). Let c be the neighbour of b, such that c#al and 
d(c, G)< n- 1. By Proposition 2.8, the vertex c is covered by M. Denote by z the 
neighbour of c in M. Repeating the arguments used in the proof of Proposition 2.10, 
we prove that d(c,G)=n-2 and a,zEE(G). 
Thus, the degree of z in G is n - 1. 
Let x be a vertex of degree n - 1 such that x # c, x # z, and let y be its neighbour 
in M. 
One may easily verify that 6(G-{a,,b,,c,x})>k-1. On the other hand, 
e(G-{a,,bI,c,x})3F(n,k)-2n-2k+7. 
Applying relations (2.12) and (2.7) we deduce that either e(G-{a,,b,,c,x})> 
F(n-4,k-1) or 6(G-{ a,, bI, c, x}) > (n - 4)/2. By the induction hypothesis, the 
matching M-{aI, bI, c,x} +yz lies in a cycle G-{aI, bI,c,x}, and Theorem 2.6 
follows by Corollary 2.4. 
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Henceforth, let I> 1, and let us suppose first the following: 
(2.2.1) There are two vertices, x1 and x2 say, such that d(xl, G)=d(x,, G) = n- 1 
and xlxz~M. Then the following holds. 
Proposition 2.13. The subgraph of G induced by the set of vertices {b,, . . . , b,} is 
complete. 
Proof of Proposition 2.13. Suppose there exist i andj, 1 <i<j< I, such that bibj$E(G). 
Then consider the graph G’=G-{a~,aj,xI,xz> +bibj. We have clearly 6(G’)ak-2, 
and G’$Y(n -4, k-2) since the neighbours of the vertices of degree k-2 in G’ have 
degree at least k - 1. 
Moreover, e(G’)aF(n,k)-2k-2n+8; so, by (2.6), e(GI)>F(n-4,k-2). Hence, G 
contains a cycle passing through M-{xl,xz,ai,a~} + bib, and, by Corollary 2.4, 
M lies in a cycle of G. 0 
Proof of Theorem 2.6 (conclusion). Let us denote by {xi, x2, . . . , xZm- 1, xZm} the set of 
vertices of degree n - 1 such that Xzj_ 1 XZjE M, 1~ j < m, and d( yi, G) < n - 2 for every 
vertex yi, 2m + 1~ i < k - 1, such that xiyiE M. Consider the graph 
Gi=G-{xi ,..., xl,aI, . . ..al}+yzm+lbz.+l+...+y~bl. 
Let us suppose first that G(GI)<k--l. Then, clearly, 6(G1)=k-1, and there is 
a vertex bj, 1 Q j< 1, such that d(bj, G,)= k- 1. Without loss of generality, we 
may assume that d(bl,G1)=k-l. Since the subgraph induced by {b,,...,b,} is 
complete, we have necessarily 1=2 and N(bl,G)={a,,b,,x,,...,~k-l}. Then 
h(G-{b,,b,}+ aIal)3k- 1 and 
e(G-{b,,bz)+a,a2)=e(G)-d(b,,G)-d(bz,G)+2. 
Since d(bI,G)=k+l, d(bz,G)<n-2 and e(G)>F(n,k), we can apply (2.8) to 
prove that e(G-{bI,bz}+aIa,)>F(n-2, k-l). So, G-{bI,b2}+aIaz contains 
M - { bI , b2} + a, a2 in a cycle, and, by Corollary 2.3, M lies in a cycle of G. 
Henceforth, we may assume that 6(G1)a k-I+ 1. Since 
e(G,)~F(n,k)-(:)-l(n+k-21), 
we repeat the same arguments as in Case 2.1 to prove that Gi contains every matching 
in a cycle. In particular, the matching 
M,=M-{x1 ,..., xl,al ,..., al}+b,b2+~~~+b2m-Ib2m 
+y,,+,b2m+1+.~.+ylbi 
lies in a cycle of Cr. Now apply Lemma 2.2 to conclude the Case 2.2.1. 
Assume finally that the following: 
(2.2.2) For every vertex of degree n - 1 its neighbour in M has degree at most n - 2. 
Denote by yi, 1 <id k- 1, the neighbour of xi in M. Observe that 
Graphs with every matching contained in a cycle 21 
- by Proposition 2.10, bjyiEE(G) for every i, 1 <i < k- 1, and for every j, 1 <j< 1; 
hence, d(bj, G) 3 2k - 1 and d( yi, G) 2 k - 1 + 1, 
- yiaj#E(G)for l<i<k-1, l<j<l, 
_ ajb,$E(G) for 1 <j, m<l, j#m, 
- d(z,G)>k+l andajz$E(G)foreveryzeV(G)-(a, al,bI ,..., ,..., bl,xI ,..., xk-r}, 
1 <jbE. 
So, 
6(G-(a, ,..., af,xl ,..., x[})>k-I+1 
and 
e(G-{a, ,..., al,xI ,..., xi})W(n,k)-(:)-l(n+k-21). 
Thus, G-Cur I..., ul,xI ,,.., x1> has a cycle containing the matching 
M-(a~ ,..., ui,xr ,..., xl}+blyl+...+bly,, 
and, by Lemma 2.2, M lies in a cycle of G. This proves Theorem 2.6. 0 
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